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DUNKL POSITIVE DEFINITE FUNCTIONS 

JAMEL EL KAMEL AND KHALED MEHREZ 

Abstract. We introduce the notion of Dunkl positive definite and strictly pos- 
itive definite functions on M^. This done by the use of the properties of Dunkl 

^D . translation. We establish the analogue of Bochner's theorem in Dunkl setting. 

^N I The case of radial functions is considered. We give a sufficient condition for a 

Jlj . function to be Dunkl strictly positive definite on R'*. 
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1. Introduction 



y^ y^ ZjZkf{xj -Xk) >0 (resp. > 0) 
i=i fc=i 



In classical analysis a complex valued continuous function is said positive definite 

(resp. strictly positive definite) on M, if for every distinct real numbers xi,X2, ■■■,Xn 

^ ' and every complex numbers Zi, Z2, ..., z^ not all zero, the inequality 

>■ 
O 
OO 
00 
(N 
t;;-j^ I hold true, (see [7]) 

O ■ In 1930, the class of positive definite functions is fully characterized by Bochner's 

theorem [1], the function / being positive definite if and only if it is the Fourier 
transform of a nonnegative finite Borel measure on the real line M. 

In this work, we introduce the analogue of positive definite function in Dunkl 
r> ■ setting. This done by the use of the properties of the Dunkl translation. We establish 

c^ . a version of Bochner's theorem in Dunkl setting. We give a sufficient condition for 

a function in 74^(18'^) to be Dunkl strictly positive definite. 

Our paper is organized as follows: In section 2, we present some preliminaries 
results and notations that will be useful in the sequel. In section 3, we give some 
properties of the Dunkl transform, the Dunkl translation and the Dunkl convolution. 
In section 4, we introduce the notion of the Dunkl positive definite functions in 
studying their properties, some examples are given. We prove that if (/? G ^^(M'^) 
is Dunkl positive definite, then the Dunkl transform of tp is nonnegative and tp is 
bounded. The case of radial function is considered. We state a version of Bochner's 
theorem in Dunkl setting. As application, we are interested with the Dunkl heat 
kernel , and we get a new equality for the modified Bessel function. The section 5 is 
devoted to Dunkl strictly positive definite functions. 
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2. Notations and preliminaries 

Let R he a fixed root system in M.'^, G the associated finite reflexion group, and 
i?+ a fixed positive subsystem of R, normalized so that < a,a >= 2 for all a G i?+, 
where < x,y > denotes the usual Euclidean inner product. 

For a non zero a G M'^, let use define the reflexion cTq, by 

< x,a > _^^ 

aaX = X — 2 a, x EK . 

< a,a > 

Let K be a nonnegative multiplicity function a i — > k^ defined on /?+ with the 
property that Ka = f^p where aa is conjugate to ap in G. The weight function /i^ est 
defined by 

(1) h^{x) = Yl \<x,a> l'^", X G M'^. 

This is a no negative homogeneous function of degre 7^ = /^ Kq, which is invariant 

OG-R+ 

under the reflexion group G. 

Let Ti denote Dunkl's differential- difference operator defined in [2] by 

(2) T,f{x) = dj{x) + V ^ y(^)-/K^) <a,e,>,l<i<d, 

where (9j is the ordinary partial derivative with respect to Zj, and Ci, 62, ••., e^ are the 
standard unit vectors of M.'^. It was proved in [2] that Ti, T2, ..., T^ commute. There- 
fore we can naturally define P{T) for any polynomial P, where T = (Ti, T2, ..., T^). 
Let V^ denote the space of homogeneous polynomials of degree n in d— variables. 
The operators Ti, 1 < i < d map V^ to Vf^_i. The intertwinig operator V^ is linear 
and determined uniquely as 

(3) V^Vt c Vt Kl = 1, 7-K = K5„ l<i<d. 
The Dunkl kernel E'k associated with G and k is defined by 

(4) E^{x,y) = V^{e<-y>){x), x^y^W". 

Proposition 1. fsee[8]) Let y G C^. Then the function / = E^i-jy) is the unique 
solution of the system 

(5) TJ=<ei,y>fJoT ani<i<d, 
which is real-analytic in W^ and satisfies /(O) = 1. 

We collect some further properties of the Dunkl kernel E'k 

Proposition 2. fsee[4],[8]) For x,y G C^, A G C 

(1) E^ {x, y) = E^ {y, x) , 

(2) E,{\x,y ) = E^ (x, Xy) 

(3) E^ {x, y) = E^ (x, y) 



U, uj] 
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(4) \E^{-ix,y)\<l. 

(5) |^.(x, |/)|<ell-ll-IHI, 

(6) Let u{z) = zl + ... + zj, Zi E C. For z, u E C^, 

f 2 _ll£jii (i^(z)+i/(c^)) 

Ck / E^ {x, z) E^ (x, u) h^{x)e ^ dx = e 2 E^ 
where c^ denotes the Mehta-type costant defined by 

(6) C-' = [ hl{x)e-'^dx. 

In particular, the function 

E^{x,y) = V^^^{e<^^y>), x,y eR'', 

plays the role of e*'^'^'^^ in the ordinary Fourier analysis. Trought this paper, we fix 
the values of 7 and A as 

(i — 2 

(7) 7 := 7k = X] ^a and A := 7 H — . 

aeR+ 

Let us recall some classical functional spaces: 

• C(]R'^) the set of continuous functions on M'^ and Co(M'*) its subspace of 
continuous functions on R*^ vanishing at infnity. 

• S'(M'^) the Schwartz space of infnitely differentiable functions on M.'^ which are 
rapidly decreasing as their derivatives. 

• L^ (R'^, /i^) , 1 < p < 00, the space of measurable functions on R'^ such that 

II / IU,P= ( / \fix)\''hl{x)dx] " < 00. 



3. Harmonic analysis related to the Dunkl operator 

In this section, we present some properties of the Dunkl transform, the Dunkl 
translation and the Dunkl convolution studied and developed in great detail in 
[4,6,10,11]. 
The Dunkl transform is defined for / G L^ (R'^, /i^) by 

(8) DJ{x) = c« / f{y)E^ i-tx, y) hl{y)dy, x G R". 

If K = 0, then Vk = id and the Dunkl transform coincides with the usual Fourier 
transform. If rf = 1 and G = Z2, then the Dunkl transform is related closely to the 
Hankel transform on the real line. 
In fact, in this case. 
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/ 1\ f \ xy \\ "2 r 

E^{x, -ly) = T\k+-\ ( ^— ) P«-^(l ^y l)-^sign(xt/) J^+i(| xy 

where J a denotes the usual Bessel function of first kind and order a. 
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Theorem 1. (see [10]) 

(1) For / G L^ (M'^, hi) , we have DJ G Co (M'^) , and 

II n -f II ^ II -f II 

II ^kJ II Co S II / II K,! • 

(2) When both / and D^f G L^ (M'^, h'fj , we have the inversion formula 

f{x) = c^ D^f{y)E^{ix, y)hl{y)dy a.e. 



(3) The Dunkl transform D^ is an isomorphism of the Schwartz class iS(M'^) onto 
it self, and Dlf{x) = f{—x). 

(4) The Dunkl transform D^ on iS(M°') extends uniquely to an isometry of L^ (M"', hi) 

(5) If /, ^ G L2 (M^, hi) then 

DJiy)g{y)hliy)dy= [ f{y)D^g{y)hl{y)dy. 

Let y G M'^ be given. The Dunkl translation operator / i — > Tyf is defined in 
L^ (R'^, hi) by the equation 

(9) D,iTyf){x) = E,{iy,x)DJ{x), x eR''. 

The above definition gives Tyf as an L^ function. 
Let 

(10) A4^') = {/ G L\R'',hl) : DJ G L\R'',hl)} . 

Note that ^^(IR'^) is contained in the intersection of L^{R'^, hi) and L°° and hence is 
a subspace of L'^{R'^, hi). For / G ^^(M'^) we have 

(11) ryf{x)= f ESx.y)E^{-iy,()DJ{i)hl{i)di, Vx G M'^. 

Theorem 2. fsee [10]) Assume that / G ^(1^"') and g G L^(]R'^, /i^) is bounded. 
Then 

' Tyf{Og{i)himi = [ fior-yfiohmc 

(2) ryfix) = T^Ji-y). 

Theorem 3. (see[10]) Let / G A^ (R'^) be a radial and nonnegative function. Then 

Tyf > 0, Tyf G Li (M'^) and 



(12) / Tyf{x)hl{x)dx = / /(x)/i2(2/)rfx. 

The Dunkl convolution operator is defined on L^ (W^, hi) by: for f^gElF' (M'^, /i^) , 

(13) f^ng{x)= [ f{y)T,g\y)hl{y)dy, 
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where g'^iy) = g{~y). 

Note that as Txq"^ € L^ (W^, /i^), the above convolution is well defined. We can also 

write the definition as 

(14) f^.9{x)= f DJ{ODMOE.{tx,Ohl{OdC 

Theorem 4. fsee [9,10,11]) 

(1) Let f,geL^R'^, hi), then 

(a) D^{f^^g) = DJ.D^g. 

(b) f-k^g = g -^K /• 

(2) Let / G L2 [R<i, hi) and g e L^ Ci L^ (M^ hi), then f i.^ g e L^ (M^ hi) and 

(15) II f-k^g |U,2<|| 9 \\k,i\\ f |U,2 • 

4. DuNKL Positive definite Functions 

Definition 1. A continuous function ip of L"^ (W^, hi) is said Dunkl positive definite 
(resp. stictly Dunkl positive definte) if for every finite distinct real numbers Xi, ..., x„, 
and every complex numbers «!,...,«„, not all zero, the inequality 

n n 

^ ^ ajO^T^^ {(f) (xfc) > 0, {reap. > 0) 
j=i k=i 

holds true. Where r^ denotes the Dunkl translation. 

From definitionJU we can read of the elementary properties of a Dunkl positive 
definite function. 

Proposition 3. (Properties of Dunkl positive definte functions) 

(1) A nonnegative finite linear combination of Dunkl positive definite functions 
is Dunkl positive definite. 

(2) Let (f be a Dunkl positive definite function, then 

(a) The function r^iplx) > 0, for all x G M.'^. In particular, (/?(0) > 0. 

(b) (p{—x) = (p{x), for all x G M.'^. 

Proof. (1) The first property is immediate consequence of the definition [H 

(2) The second property follows by choosing n = 1, ai = 1 and Xi = a; in the 
definition [H 

(3) In the definition [H let n = 2, xi = 0, ai = 1, a2 = c and X2 = x, then 

V9(0)+ I C 1^ Txp(x) + CLp{—x) + Cip{x) > 0. 

Setting c = 1 and c = i, respectively, we deduce that ip{x) + ¥?(— x) and 
i{(p{—x) — Lp{x) must be reals. This can only be satisfied when if{—x) = if{x). 
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Corollary 1. Let tp G A^iM^) be a Dunkl positive definite function, then -Dk((/?) is 
real. 

Proof. For tp G ^^(M'^), we have 

D^{ip){x) = c^ E^{y, -ix)ip{y)hl{y)dy. 
Hence 



D^{ip){x) = c« / E^{y, -ix) (p{y)h^{y)dy. 



Since £'k(x, y) = E^{x, y) for x, y G C'^, we obtain 

D^{(p){x) = c^ E^{y,ix)ip{y)hl{y)dy 



Ck E^{-y,ix) ip{-y)h^{y)dy. 



So, by proposition [3l we have 

ip{-x) = (p{x), 
and Ei^{Xx, y) = E^{x, Xy), for any A G C we obtain 



D^{ip){x) = D,{ip){x). 



We begin by seeking sufficient conditions for a function to be Dunkl positive definite. 

Theorem 5. Letip G ^kII^'^) be a nonnegative function, then Di^{lp) is Dunkl positive 
definite. 

Proof. For tp G ^^(M'^), we have 

Ty{DM)i^)= I E^i-ty,OE,{tx,Ov{-OhliOdt 
Thus, 



n n „ 

^^(XjO^T^^ (D^iif)) (xi) = I 

7 = 1 1=1 >^^° 



^ ^ ttjCt/ {E^{-iXj,C)E{ixu 0) 



N 



^ajE^{-iXj,C) 

TV 

/ y^(^jE^{-iXj,i) 
J^' ,=1 



Af 



^aiE^{-ixuC) 



^i-OhliOd^ 



1=1 



^i-OhliOdC > 0. 



Which completes the proof. 
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Example 1. For t > 0, the function 

FAx) = e-*ll^ll' 



is Dunkl positive definite. 
Indeed, put 



Gtix) = je 4t 



Thus, Gt is nonnegative function of L^ (IR*^, hf.) . Moreover, (see [9]) 

(16) Ft{x) = D,{Gt){x). 

Since Ft{x) G L^ (M°', /i^), we conclude by theorem O 

Example 2. Consider the modified Bessel function of the second kind of order a 
defined by 



hoo 



K^{x)= / e-^'™^^Wcosh(at)dt, x > 0. 
Jo 

Using the integral representation [5,(7.12.24] 

Jo 
by setting a = r, x = 1 and substituting u = 2t, and using Ka = K^a, we have 

(17) K^{r) = r-°2°-i / li^-^e-^e-^^rfu, . 

Jo 



Now, putting 



*'"' = JT^fVW ' " 



with p eN, such that p > | + 7 + 1. 

Since p > | + 7 + 1, the function $ is in (L^ fl L^) (R'^, /i^). From, the integral 

representation of the gamma function, for p > 0, we have 



T{p) = / fP-^-'dt 
Jo 



'0 

fOO 

sP I uP-^e-'^'du. 



Let s = 1+ \\ y II2, then we get 



1 /" 
r(p) Jo 
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Thus 
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^«(*)(^) 



Ck 



^{x)Ek{x, —iuj)h\{x)dx 



Ck 



r(p) j^d Jo 

1 /"OO 



^^^-'e-"e-""^ll2i?,(y,-zu;)/i2(j/)ciy(i 



M 



r(p) 



r(p) JO 
r(p)2T 



liP^^e-" 



c« / e "Il'^ll2£;^(^^_^^)/i2(^)^^ 



du 



u^-'e-''D^{F^{.)){u)du 



d 1 Il'^ll2 



2 Jo 



Using the relation (fT7|) we obtain 



:i8) 



^.('^)(^) 



2P- 



w 



|P-7-2 



" V7-|(ll^l|2)- 



Since for a > 0, the even function x°'Ka{x) is positive and belongs to ^^([0, +oo[, x'^°'^^dx), 
by the inversion formula and theorem [5] we deduce that $(j/) 



positive definite function. 



(i+lly|li)p 



is a Dunkl 



Example 3. Let ip E L?' (M'^, /i^) &e a continuous function. We consider the func- 
tions 7i, t > 0, defined by 



N 

it{y) = X^tti^a;, {Gt{y)) , y e 



where aj G C, Xj G M*^ /or all 1 < j < N and Gt is the function definite in examplel. 
If < ip-k,^ 7t, 7t >> 0, then (f is Dunkl positive definite. 

Indeed, by the definition of the generalized translation operator and equation f lTB|) . 
we have 



1 ^ 



-2i|||aj|ll2 
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which leads to 



(19) 



N 
N 



,-2t||w|P 



— ^ ajaiE^{-ixj,uj)E^( 



Ck % . 



—ixi^u)e 



-2t||cj|p 



N 



Since the Dunkl transform is a topological automorphism of the Schwartz space 
S{W^), then 

N 
3,1=1 



i.e 



N 



[OJ 



It -^K I'^ti^) = X^ OijaiT^^ (r«(2t, xi, .)) 
j,i=i 
where F^ is the Dunkl type heat kernel. Thus, 

— ^ — f 

V{y) It -^n -fUy)hl{y)dy = V ajW^ / (/j(i/)r^T«(2t, xi, y)hl{y)dy, 

N 



y2 '^jC^i / ^x,'f{y) r«(2t, xi, y)hl{y)dy. 



By theorem 4.7 in [9], we have 



lim / ^{y)-it -^K -fUy)hl{y)dy = V ajOi T^^(p{xi). 

Which completes the proof. 

Proposition 4. Lei ip G ^^(R"')- //" V' is Dunkl positive definite function and 
/gL2(R°', hi), then 

(20) <V^^./,/>>0. 

Proofi Since (/? G A(M"'), and / G L^ (R'^, /i2) , then ^ *^ f e L^ (M^ /i^) , and 



V-*^Kf{x)= TxCp{y)f{y)hl{y)dy. 
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Since Lp is Dunkl positive definite function, then Tp = ip, so 



^*Kf{x)=l T^{(p){y)f{y)h^{y)dy. 
Thus, for / G L2 (M*^, hi), 



<(/?•«/,/>=/ / T^{ip){y)f{y)f{x)hi{y)dyhi{x)dx. 

Let / G iS(M'^), its known that, for e > 0, there exists a closed cube W C M*^, such 
that 



Tx{^){y)f{y)f{x)h^{y)dyh^{x)dx- / / T^{ip){y)f{y)f{x)h^{y)dyh^{x)dx 

Jw Jw 

But the double integral over the cubes is the limit of Riemannian sums. Hence, we 
can find Xi, ..., xa? G M'^ and weights ui, ..., ojn such that 

N 

e 

< -. 



e 
<2- 



T. 
W JW 



'x{v){y)f{y)f{x)hl{y)dyhl{x)dx - J^ T^^ip{xi)f{xj)ujf{xi)ui 



2 



This means that 

N 

T'x{W){y)f{y)f{x)hl{y)dyhl{x)dx > ^ Ta:^ip{xi)f{xj)ujf{xi)ui - e. 

Letting e tend to zero and using that ip is Dunkl positive definite function shows 
that ([20]) is true for all f e L"^ {R'^, hi) . ■ 



Corollary 2. Let Lp G ^^(M'^) be a Dunkl positive definite function, we define A 
S{R'i) ^C by 

(21) A(7) = [ ipix)D-\^)ix)hlix)dx. 



If '~f = I'i/'p with i/j G 5(]R'^) and even, then A(7) is nonnegative. 

Proof. Put / = D~^{i/j). Since i/j is even, then / and D^^{f) are even, and 

DM){x) = ^{x). 

Thus, 



7(x) = ij{x)ij{x) = DJ{x).DJ{x) = DJ{x).DJ{x) = D^ (/*,/) (x). 
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Then, 



A(7) 



V{x) (/^«7) {-x)hl{x)dx 



ip{x) 



m 



m 



r.J{y)f{y)hi{y)dy 



v{x)T^^f{y)hl{x)dx 



(p{x)T_y f {x)h\{x)dx 



h'^{x)dx 



hl{y)dy 



hliy)dy 



fiy)iv^.f)i-y)hiiy)dy 



f{-y){^^.f){yK{y)dy 



f{y){v^.f){y)hl{y)dy 

<ip-knf,f>>0. 



Proposition 5. Let ip G ^^(II^^)- If ^p is a Dunkl positive definite function, then 

DMx) > 0, Vx G R"*. 
Proof. For (f, f E A^.i'^'^), we have 

\DM)noD.iipmhmd^= I D^mDjimDMiOhUod^ 



D.iv)iO 



f{x)E^{x, -i^)hl{x)dx 



X 



f{y)E^{y, tOK{y)dy 



hliOdi 



c: / / f{x)f{y) 
X hl{x)dxhl{y)dy 



E,{x, -tOE^iy, tODMiOhlm^ 



c: / / f{x)f{y)r^ip{y)hl{x)dxhl{y)dy 
cl<Tp-k,f,f>>0. 
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Since ^p is Dunkl positive definite then D^^^ is real. Since the last inequality holds 
for an arbtitrary function / G .4k:(M'^), we conclude. ■ 



Corollary 3. Let Lp G ^^(R'^). If Lp is a Dunkl positive definite function, then Lp is 
hounded and 

\vi.x)\ < ¥?(0), \/xeW^. 



Proof. In definition [H let n = 2,ai = |(/9(2;)|,a2 = ~v(^))^i = ^"^^ ^2 = x, we 
have 



ip{0)\(p{x)\ - ip{-x)\ip{x)\ip{x) - ip{x)\ip{x)\ip{x) + \ip{x)\ T^ip{x) > 0. 



Since ip{—x) = (p{x), we obtain 

\ip{x)\'[ip{0)~2\ip{x)\+TMx)]>0 
i.e 

(22) \ip{x)\<^{^{0) + TM^)). 

Furthermore, by the definition of Dunkl translation, and since tp is Dunkl positive 
definite function, we have 



T^ipix) = \t^(p{x)\ 

(23) 



\E^{2x,0\DM0him^ 
= [ DMOhliOd^ 



The relations ([22D and (^^ lead to 

\^{x)\<ip{0). 



Corollary 4. Let (pi, (p2 G ^^(M'^). If 'Pi, '-pi are Dunkl positive definite functions, 
then the convolution product (pi -k^, '-P2 is also. 

Proof. For (/?i, (/92 G ^^(IR'^), we have 

(^1 ^, ¥^2 e L^ (R^ hi) , 

and 

D^ (<^i *« ¥?2) = D^ipi.D^ip2 G L^ (R^ hi) . 
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Now, for every complex numbers cti, ... a^ and for every distinct real numbers 
Xi, ... , Xn, we have 

n n „ N N 

j=i 1=1 -^iK' ,=1 1=1 



» n 



D,{cp,){ODAip2)iOhmdC 



>0, 
where the last inequality follows from Proposition [51 



Proposition 6. Let ip G ^^(IR"') ^e a radial and Dunkl positive definite function. If 
f G AkIW^) is a positive radial function, then the product ^pDi^f is a Dunkl positive 
definite function. 

Proof. Since f,fE A^i^'^), and radials we have 

<^d,/gA(k'), 

and radial function. Thus, 

2 

D^iipDJ){Ohl{OdC 

3=1 1=1 -^^^ r- - 



ItIL nib 

,=1 1=1 J^" i=i 

» n 

= / y^ajE^Xj, 
^«^ ,=1 



^«v^*«/(0/i'(0^e. 



Moreover, by the definition of Dunkl convolution, we can write 

(24) D^p^^f{x)= [ D^ip{t)Tj{t)hl{t)dt. 

From proposition [5] and theorem 3.4 in [10], we have 

D^if^^fix) > 0. 
Which completes the proof. 



Corollary 5. Let 1^1,1^2 £ -^.^(M'^) are radials. Iffi,ip2 are Dunkl positive definite 
functions, then the product ipiip2 is also. 

Proof. Let ip = Df^Lp2, then -D^'^ = f2, and since ip2 is radial, we have ■0 is radial. 
So, by proposition [5], we have 

^ >0. 
By proposition [6l we conclude. ■ 
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In the following we state a version of Bochner's theorem in Dunkl setting and we 
establish a necessary and sufficient condition for a function to be a Dunkl positive 
definite. 

Theorem 6. (Bochner) Let ip G ^^(M'^). Then, Lp is Dunkl positive definite, if and 
only if, there exist a nonnegative function -0 G At^lW^) such that 

(25) if = D^ij. 



Proof. Since p is Dunkl positive definite function, we have <p{—x) = (p{x), and Di^ip 
is even real function (see corollary [1]) . By the inversion formula we have 

ip{x) = Dlip{x), Va;GM'^. 

Let 

i{j(x) = D^ip{x). 

By proposition [5l we deduce that ip is nonnegative function of AniW''). 

Inversely, since ip is nonnegative function and belong to ^^(IR^), by theorem [5] we 

deduce that p = Dt^i/j is Dunkl positive definite function. ■ 



4.1. Applications. 

Proposition 7. Let ip G ^^(IR'^) be a radial function. If (p is Dunkl positive definite 
function, then there exist a nonnegative radial function if) G ^^(1^^) such that 

(1) Ty^ > 0, 

(2) Ty^ G L' (R^ hi) , 
and 

II Tyij ||l,K=|| l{j ||l,K= P{0). 

Proof. Bochner's theorem asserts that there exist a nonegative function ip such that 

p = D^i>. 

Since p is radial, then -0 = D^^p is radial, nonnegative and belongs to ^^(I^'^)- 
Using theorem 3.4 in [10], we get 

(i)r,V^>0, Ty^eL'{R^,hl). 
(n) II Tyi/j ||i,K=|| iJ ||i,K= p{0). 



Corollary 6. For t > and x G M'^, we have 

T,{t,x,y)>0, WyeM'' 
T^{t,x,y)eL'{R'',hl{y)), 
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and 



(26) / T^{t,x,y)K{y)dy = l. 

Where Ti^{t,x^y) is the Dunkl type heat kernel defined by 



T^{t,x,y) = ——-^e V ' J E, 



X y 



{4ty+-2 ""Kv^t'v^tJ' 

Proof. For t > 0, the function (p{x) = e^*"^" = Ft{x) is Dunkl positive definite 
function (see example 1), radial and belongs to Ak(^'^)- Moreover, 

ij{x) = D^{ip){x) = —^—je-^. 

(4t) '"^2 

Then 

V^{t,x,y) = T^i^){y) =r^{D^ip){y). 

By the last proposition Ti^(t,x,y) is nonnegative, belongs to L^ (W^,hf.) , and we 
have 



T^{t,x,y)h^{y)dy= / T^{ip){y)h^{y)dy 

i^{y)hl{y)dy 

DMy)hl{y)dy 



V^(O) = 1. 



Corollary 7. For p > 7 + | + 1, let K^ he the modified Bessel of the second kind 
and order a, then 



d ^ ^ , .. iiv\/^v,0/,_\,^ / II iii-i,-., d 



T{p) 



Tyywx f-'-2 K.^-,-d\\ ^ II) {i)hlmi = / II ^ r^""^ Kp-,-d\\ ^ \\)hl{x)dx 

Proof. Let p>7+| + l, bean integer. Put (p{y) = -r^^j-jiw, then cp is Dunkl 
positive definite function (see example 2), we have 

d 



m = D.(v.)(A) = ^^^ II A r-- V^_.(|| A 
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By the last proposition we have 

T^iip){y)hl{y)dy = / ^{y)hl{y)dy 

ifiO) = 1. 



5. Strictly Dunkl Positive Definite Functions 
Lemma 1. Let U CM."^ is open. Suppose that Xi, ... ,Xn € MJ^, are pairwise distinct 

n 

and that a = (ai, ..., a„) G C". // >^ ctjEi^ {ixj,u) = 0, for all u E U, then a = 0. 
Proof. Suppose that 

n 

y ajE^ {ixj,u) = 0, Vw G U. 
Since z — > E^^y, z) is analytic on C, by analytic continuation, we get 

n 

^ UjE^ {ixj.uj) = 0, VtJ G M'^. 
i=i 
Let / be a C°° function with compactly supported, we know that 

D^{tJ){\) = E^{-ix,X)DJ{\). 

Then 

n / " \ 

^UjE^ {ixj,u) = D^ I ^OijT^J j (A) = 0. 

j=i \j=i / 

Since for all j G {1, ...,n} , r^^ is C°° function with compactly supported, then we 
get 

n 

(27) 5^«,T,,/(A) = 0, VAgM". 

i=i 
If the support of / is conatained in the ball around zero with radius 
e < min I || Xjt || — || Xj || I, we have (see [10] proposition 3.13), r^.,/ is supported in 

{x, II X ||< e+ II X.J II}. 
Thus 

rx,f{xk) = ^, ^k^i; r^^/(xj) 7^ 0, Vj, A; G {l,...,ra} 
Using (1271) . we obtain 

ajT^J{xj) = Q, V j G {l,...,n}. 
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We CO elude. 



Theorem 7. Let ip G A^iW^-), he a nonidentically zero and Dunkl positive definite 
function. Then Lp is Dunkl strictly positive definite. 

Proof. Let (p G ^^(K'^) be nonidentically zero and Dunkl positive definite func- 
tion. Suppose that there exist distinct reals points Xi, ...,a;„ and complex numb^^T-' 
ai, ..., a„ not all zero, such that 



ers 



n n 



By (11), we get 



i=i 1=1 



p n 2 



i=i 



Since p is Dunkl positive definite and belongs to ^^(IR'^)? we have -DkV' is nonnegative 
continuous function. Then 

n 2 

i=i 
Since D^^p is nonidentically zero, then there exist an open U gM.'^ such that 

DM0 7^ 0, ve G u. 

Thus 



Using, lemma [H we get 
We conclude. 



^ajEM^Xj,0 
i=i 



o,veG U. 

aj =0, Vj G {l,...,ri}. 



Example 4. The functions p{x) = e *l'^ll , t > 0, andip{x) = r-^.^p-.p , p > 7+| + l 
are Dunkl strictly positive definite functions. 
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